The question of whether the phase cycling can still be used to select coherence transfer pathways in spin systems experiencing a tilting of its eigenstates away from the Zeeman eigenstates due to strong couplings was investigated theoretically. Based on the analysis presented it is concluded that conventional phase cycling is still a valid approach for selecting a coherence transfer pathway signal, although changes in pathway efficiencies can occur as the mechanisms for excitation and detection of coherences are affected by the tilting of the eigenstates. r
Introduction
It is generally assumed that phase cycling can be used to select specific coherence pathways during a multiple pulse sequence, even if the spin system is experiencing couplings strong enough that the nuclear spin eigenstates are tilted away from the Zeeman eigenstates. In practice, this seems to be a working approximation. In theory, however, the consequences of this tilting on the coherence transfer pathway selection process are not completely clear. Will it allow signals from other pathways to ''leak'' into an otherwise, properly phase cycled experiment? How will coherence transfer pathway efficiencies be affected? What changes, if any, are needed in designing phase cycles? Because of the increasing popularity in exploiting NMR of quadrupolar nuclei as structural probes with experiments like DAS [1, 2] , MQ-MAS [3] [4] [5] , ST-MAS [6] , and related sequences these issues should be clarified. In the text below, I review the relevant aspects of higher order effects in NMR, along with certain aspects of phase cycling for coherence transfer pathway selection. Once a unified picture is developed I then explain why the answer to the title question is ''yes'', and discuss some caveats that may need to be considered when working in such cases.
Theoretical analysis

Defining the frame
The most natural frame in which to describe an experiment in spectroscopy is the diagonal frame of the unperturbed Hamiltonian, which in magnetic resonance arises from the couplings between the nuclear moments (both magnetic and electric) and surrounding static or time-averaged fields. Another natural choice would be the orientation of the laboratory measuring device, which in magnetic resonance is orientation of the rf coil.
I will define the laboratory frame by orienting the direction of the x-axis along the long axis of the rf coil; writing the rf Hamiltonian in that frame as
I make this definition using x instead of z because in high-field NMR that is where the rf coil typically excites and detects coherences in the laboratory frame. In the absence of rf irradiation the spins evolve under an unperturbed Hamiltonian, whose representation in its diagonal frame, D S ; is related to our laboratory frame representation, H S ; by
where V is a unitary transformation between the two frames. In the weak coupling, high-field limit of NMR these two frames coincide. If the Zeeman interaction is the dominant interaction in H S then we find that our treatment can be further simplified by moving into a frame rotating about the z-axis of the diagonal frame. We call this the ''rotating tilted'' frame [7] , and all operators defined in this frame will carry a circle superscript. The density operator in the rotating tilted frame, r1ðtÞ; is thus related to the laboratory frame density operator by
which evolves under an effective Hamiltonian given by
In the discussion that follows I assume that the Zeeman interaction is the dominant interaction in H S ; and there are no degeneracies in H S :
The equilibrium density operator
In the high-temperature approximation, we take the equilibrium density operator to be proportional to the unperturbed Hamiltonian. Generally, one expects an equilibrium density operator to be diagonal (i.e., no coherences present). This will certainly be the case when the equilibrium density operator is written in the diagonal frame of the unperturbed Hamiltonian. When expressed in the laboratory frame, however, the equilibrium density operator may contain offdiagonal elements that could be mistaken for coherences. To avoid this unnecessary complication, we follow the evolution of coherences and, also label them, in the diagonal frame of the unperturbed Hamiltonian, or, if appropriate, in the rotating tilted frame.
In the weak coupling, high-field limit of NMR we have an equilibrium density operator that, to a good approximation, is given by r eq 1 ¼ I Z 1: In the presence of strong couplings, we find that the equilibrium density operator in the rotating tilted frame can decompose into a linear combination of irreducible tensor operators [8, 9] of many possible ranks, l; but all of order p ¼ 0; that is,
Here again, I use the circle superscript to emphasize that the tensor operators are defined with respect to the rotating tilted frame. In general, we cannot expect spin systems that are identical, except for their orientation within the same sample, to have identical equilibrium density operators in the presence of strong couplings. In other words, the rotating tilted frame for different spin systems in the same sample may have different orientations with respect to the laboratory frame, particularly in a polycrystalline sample. Additionally, the coefficients, a l ; may depend on the relative orientation of the tilted frame with respect to the laboratory frame. In the strong coupling, zero-field limit of NQR, however, the coefficients, a l ; will become independent of the laboratory frame orientation.
Detection
The signal detected by the receiver coil (also along x in the laboratory frame) is given by
where f R is the receiver phase, and
Within the NMR spectrometer only signal frequencies oscillating within a given bandwidth at the detector frequency are observed. This process can be included in our theoretical description by shifting the frequencies in our calculated signal by o R according to
and subsequently dropping all terms containing oscillations outside the bandwidth of the spectrometer. In the presence of strong couplings, one can generically write the expansion for our laboratory I X in the rotating tilted frame as
Setting the receiver frequency, o R ; near the single quantum transition frequency, substituting Eq. (3) into Eq. (2), and, removing oscillations outside the bandwidth of the spectrometer, one obtains
where
In the weak coupling, high field limit only first-rank single quantum coherences (i.e., I À ) will be detected. In the presence of strong couplings we still find only single quantum coherences detected by the receiver coil, but now they can be of higher rank.
Excitation
During rf excitation the spins will evolve under the combined Hamiltonian
If one assumes that the magnitude of the rf term is small compared to the unperturbed Hamiltonian, i.e., jjH S jjbjjH rf ðtÞjj at all times, then the static diagonalization of H S can be used to transform the time-dependent rf Hamiltonian into the rotating tilted frame, yielding
In the presence of strong couplings, an rf pulse is capable of generating a greater variety of coherence transfers. For example, the direct excitation of multiple quantum (or overtone) coherences is possible in the presence of strong couplings by setting the irradiation frequency, o rf ; near the overtone transition frequency [10] . Setting o rf near the single quantum (fundamental) transitions, substituting Eq. (3) into Eq. (6), and eliminating the fast oscillating terms one obtains
This term, by itself, would produce single quantum excitation. In the weak coupling, high-field limit this Hamiltonian would contain only first-rank single quantum operators. In the presence of strong couplings it may contain higher rank single quantum operators, which could provide additional opportunities for manipulating coherences during the rf pulse.
Coherence transfer pathway selection with phase cycling
The density operator can be expanded in terms of the irreducible tensor operators of the group SO(3) with rank l and order p; r1ðtÞ ¼ X l;p a l;p ðtÞT l;p 1:
Coherences described by irreducible tensor operators of the same rank transform amongst themselves under rotations about x; y; or z: This is a key feature that allows us to ignore the coherence rank in the coherence transfer pathway approach and group all coherences of the same order together into a generic coherence, 1 T p 1; and write our density operator expansion as
In the absence of rf irradiation, there will be no change in coherence order, p; as this density operator evolves; only the coefficients b p ðtÞ will be affected by unperturbed evolution.
To illustrate the concept of a coherence transfer pathway [11] [12] [13] let us consider a single spin 1/2 system and consider the generic two-pulse NMR experiment. If one wrote out the full density operator for the entire two pulse experiment for arbitrary pulse phases and lengths, the resulting expansion would quickly become complicated. Starting with rð0Þ ¼ I Z ; as shown in Fig. 1 , terms in the density operator expansion grow geometrically with each pulse. After two pulses there will be nine different terms in the density operator expansion, each multiplied by coefficients that carry the history of each term. Tracing the path of each of these terms back to the initial rð0Þ term reveals all the possible transition frequency modulations that can be present in a signal. These paths represent different NMR experiments, and are graphically represented as different coherence transfer pathways.
With phase cycling, signals from different coherence transfer pathways can be separated by taking advantage of a Hamiltonian during the rf pulse that obeys the relationships:
from which it follows that
This is demonstrated by using Eq. (9) to derive the generic expression
1 These correspond to the irreducible representations of the group C N :
for the evolution of T p 0 1 under a pulse with rf phase f 1 : Here Dp 1 ¼ p 1 À p 0 : By performing a Fourier transform with respect to the rf pulse phase, f 1 ; the signals associated with different coherence transfer paths Dp 1 can be separated [14, 15] . Alternatively, the signals from undesired pathways can be averaged to zero during signal summation by phase shifting the rf pulse phases and then phase shifting the receiver phase according to
before addition into the signal sum [12, 13] . Here N T is the number of coherence transfer steps during a pulse sequence, Dp ðdesiredÞ n is the desired coherence transfer during step n; and f n is the phase of the rf excitation during step n: With the proper cycling of f n and f R only the signal from the desired pathway survives the averaging process.
I now address the primary objective of this work by first noting that Eq. (7) satisfies the relationship in Eq. (8) . Thus, despite the eigenstate tilting, a Fourier transform of the rf pulse phase will still provide a separation of signals from pathways experiencing different changes in coherence order. Two additional assumptions in the coherence transfer pathway approach is that every pathway begins at p ¼ 0 and ends at p ¼ À1: These assumptions also remain true when strong couplings are present. Assumptions, however, that the pathway's initial p ¼ 0 coherence and final p ¼ À1 coherence are first rank are not necessarily true in the presence of strong couplings. A separation of the different rank contributions to a pathway would be possible if one could apply a systematic second rotation about the x-or y-axis of the rotating tilted frame, in the same manner that phase cycling effects a systematic rotation about the z-axis. This approach has been demonstrated for coupled spin 1/2 nuclei by Suter and Pearson [16] . Applying such an approach in the presence of the strong couplings of quadrupolar nuclei may be problematic, particularly, since a pure rotation about the x-or y-axis would require rf field strengths in excess of the strong couplings experienced by the spin system.
NMR of quadrupolar nuclei experiencing second-order broadenings
In this section I consider the specific NMR example of a quadrupolar nucleus with a first-order tilting of its eigenstates away from the Zeeman eigenstates. I adopt the static perturbation theory (SPT) approach where the unperturbed Hamiltonian is divided into two parts:
Here H ð0Þ is associated with the Zeeman interaction
and H ð1Þ with the quadrupolar interaction
where H m ¼ o Q ðÀ1Þ m A 2Àm ðO q ÞT 2;m : Using the SPT approach as outlined by Goldman et al. [7] , both V and D S can written in terms of a series expansion,
with each correction expanded in terms of irreducible tensor operators. To secondorder one has 
where the coefficients and operators used in Eq. (14) are defined in the appendix.
Based on the equations above one can generically expand the equilibrium density operator as
Although this expression contains terms up to third rank, the first-rank contribution, or what is more commonly called Zeeman order, will dominate this expansion. The second-rank first-order quadrupolar Hamiltonian, or what might be termed quadrupolar order, will be the next largest contribution, with a fractional contribution of approximately o q =ðo 0 þ o q Þ: Although I have not considered sample motion in the discussion, with magic-angle spinning the contribution from the first-order quadrupolar to the equilibrium density operator may be diminished, if not averaged away completely. Contributions from the second-order quadrupolar Hamiltonian will contribute substantially less, and likely have a negligible contribution, although they will not average to zero under MAS. Solving for I1 X ðtÞ one obtains
Using Eq. (15) 
As expected this expression satisfies the relationship in Eq. (8) . The magnitude of the second-rank terms is approximately o 1 o q =o 0 : In the direct excitation of coherences, the second-rank term is usually negligible. Similarly, substituting Eq. (15) into Eq. (2), setting o R near the single quantum transition frequency, and eliminating the signal oscillations outside the bandwidth of the spectrometer, one obtains
While it is still true that only p ¼ À1 coherences are detected, the effect of the tilting is to add into the signal a small contribution from a second observable of T 2;1 1: The size of the contribution, is on the order of o Q =o 0 ; and at best, might be on the order a few percent.
Overtone NMR of quadrupolar nuclei
In the previous sections I assumed the transmitter and receiver would be operating in the vicinity of the single quantum (fundamental) transitions (i.e., the Dm ¼ 71 transitions as defined by the eigenstates of the Zeeman Hamiltonian). In this section I consider placing the transmitter and receiver in the vicinity of the overtone transition [10, 17, 18] , which leads to the creation of double quantum coherences in the rotating tilted frame. As stated earlier, coherences are labeled as seen in the rotating tilted frame, regardless of how they are excited.
Using Eq. (15) in Eq. (6), setting o rf near the overtone transition frequency, the rf Hamiltonian in the rotating tilted frame after eliminating the fast oscillating terms becomes 
Here one finds, again as expected, that double quantum coherences can be directly detected. At first glance, one might conclude from Eqs. (18) and (19) that phase cycling will not perform as expected in overtone NMR. For example, Eq. (18) does not satisfy the relationship in Eqs. (8) and (19) requires that only p ¼ À2 coherence are detected in our coherence transfer pathways. In practice, these differences have little or no effect. Instead of Eq. (8) 
and
Thus, in overtone NMR a Fourier transform with respect to the pulse rf phase, f 1 will still separate signals from different coherence transfer paths Dp 1 ; but now the observed change in coherence order will appear at half its actual value. Therefore, signals from undesired pathways can still be averaged to zero during signal summation by cycling the rf pulse phases and the receiver phase according to
One might argue that the factor of 1=2 in Eq. (23) is simply a consequence of labeling coherences created and observed during the overtone experiment as double quantum instead of single quantum (i.e., from one photon excitation), and with a properly chosen frame an expression like Eq. (11) could be obtained. In a double resonance experiment involving both overtone and fundamental transitions, however, a difference between Eqs. (11) and (23) would still need to be taken into account. Take, as an example, the double resonance experiment, shown in Fig. 2 , correlating overtone and fundamental transition frequencies. For this experiment one would need to use Eq. (23) when applying rf pulses at 2o 0 ; and Eq. (11) for rf pulses at o 0 : In this case, the relationship between receiver phase and pulse phases needed to select the pathway shown in Fig. 2 would be
On the other hand, if one desired the same coherence transfer pathway in a two-pulse sequence with both pulses are applied at o 0 ; then only Eq. (11) would be applied. In this case the phase cycle relationship f R ¼ À2f 1 þ 3f 2 would be needed to select the same pathway. 
Conclusions
I have theoretically investigated the question of whether conventional phase cycling can still be used to select coherence transfer pathways in spin systems with eigenstates tilted away from the Zeeman eigenstates. Based on the analysis presented here I conclude that it is still a valid approach. A key concept is clarifying this situation is that coherences should be defined in the diagonal frame of the unperturbed, time-independent or time-averaged Hamiltonian. In the high-field, weak coupling limit, the diagonal frame coincides with the laboratory frame, and there is no need to transform operators when moving between the two frames. In the strong coupling situation, however, these two frame no longer coincide, and thus all observables and contributions to the Hamiltonian defined in the laboratory frame should be transformed into the rotating tilted frame, where their relationships to the experiment's coherence pathway are more easily defined. The orientation of this rotating tilted frame will be a function of the sample orientation. These are, of course, well-known effects of the tilting of the spin eigenstates away from the Zeeman eigenstates.
With regard to phase cycling in the strong coupling case certain assumptions about (1) the initial density operator, (2) the observable operator, and (3) the excitation capabilities of the rf pulse, need to be modified. In particular, the initial density operator may be decomposed in terms of irreducible tensor operators of rank higher than I z 1: The observable operator, while remaining a single quantum operator, may similarly contain higher rank observables than I þ 1: Finally, the rf Hamiltonian, like the observable, may contain multiple rank single quantum operators. The important conclusion from this analysis is that all the essential concepts associated with phase cycling to select coherence orders, and coherence transfer pathways still apply, and can be used with little or no modification. For nuclei experiencing second-order quadrupolar broadenings the effect of the tilting appears to be negligible for popular sequences like DAS, MQ-MAS, and ST-MAS.
The issue of sample motion was not addressed. With sample motion the orientation of the diagonal frame with respect to the laboratory frame may become time dependent. When there is only a slight tilting of the eigenstates away from the Zeeman eigenstates, however, the effect of this motion on coherence transfer pathway (ending at p ¼ À1) signals will likely be minimal.
